OPERATOR EXTENSIONS OF HUA'S INEQUALITY 



M. S. MOSLEHIAN 

Abstract. We give an extension of Hua's inequality in pre-Hilbert C*-modules without 
using convexity or the classical Hua's inequality. As a consequence, some known and new 
generalizations of this inequality are deduced. Providing a Jensen inequality in the content 
of Hilbert C*-modules, another extension of Hua's inequality is obtained. We also present 
an operator Hua's inequality, which is equivalent to operator convexity of given continuous 
real function. 



1. Introduction 

In his famous monograph "Additive theory of prime numbers" , Lo-Keng Hua [8 J introduced 
the important inequality 

n \ 2 n 

5 — } Xi + a > xf > 5 2 , 

4? / 4? ~ n + a 

i=i / i=i 

where 5, a are positive numbers, and xi (i = 1,2, ... ,n) are real numbers. The equality 
holds if and only if Xi = 5/(n + a). 

This result was generalized by C.L. Wang |20j by showing that 

v 1=1 / 1=1 x ' 

in which 5 > 0, a>0, p > 1 and ( finite sequence of nonnegative real 

numbers with Yli=i x i — $j anc ^ ^ na ^ the sign of inequality is reversed for < p < 1. In [19J, 
G.-S. Yang and B.-K. Han extended this result for a finite sequence of complex numbers. 
C.E.M. Pearce and J.E. Pecaric [H] generalized Hua's inequality for real convex functions; 
see also []]. S.S. Dragomir and G.-S. Yang [2] extended Hua's inequality in the setting of real 
inner product spaces by applying Hua's inequality for n — 1. Their result was generalized by 
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J.E. Pecaric [15]. There are other interpretation of Hua's inequality; cf. [H] and references 
therein. 

An operator version of Hua's inequality was given by R. Drnovsek [3|. Moreover, S. Radas 
and T. Sikic [17] generalized the Hua inequality for linear operators in real inner product 
spaces. Now we consider certain extensions and improvements of the above results in the 
setting of Hilbert C*-modules and operators on Hilbert spaces. Providing a Jensen inequality 
in the content of Hilbert C*-modules, another extension of Hua's inequality is obtained. We 
also present an operator Hua's inequality, which is equivalent to operator convexity of given 
continuous real function. 



2. Preliminaries 

The notion of Hilbert C*-module is a generalization of the notion of Hilbert space. Let 
srf be a C*-algebra and be a complex linear space, which is a right ^-module satisfying 
X(xa) = x(Xa) = (Xx)a for all x G J%~,a G X G C. The space SC is called a (right) 
pre-Hilbert C*-module over s$ if there exists an ^-inner product (.,.) : f x J -» ^ 
satisfying 

(i) (x, x) > (i.e. (x, x) is a positive element of szf) and (x, x) — if and only if x = 0; 

(ii) (x, Xy + z) = X(x, y) + (x, z); 

(iii) (x,ya) = (x,y)a; 

(iv) (x,y)* = (y,x); 

for all x,y, z G JT, A G C, a G '. 

We can define a norm on 3£ by ||a;|| := \(x, a?)||a 3 where the latter norm denotes that 
in the C*-algebra srf . A pre-Hilbert i^-module is called a (right) Hilbert C* -module over 
srf (or a (right) Hilbert s$ -module) if it is complete with respect to its norm. Any inner 
product space can be regarded as a pre-Hilbert C-module and any C*-algebra srf is a Hilbert 
C*-module over itself via (a, b) = a*b (a, b G s$). 

A mapping T : — > W between Hilbert .^/-modules is called adjointable if there exists a 
mapping S : W — > such that (T(x),y) = (x,S(y)) for all x G &,y G & . The unique 
mapping S is denoted by T* and is called the adjoint of T. It is easy to see that T and 
T* must be bounded linear ^/-module mappings. We denote by C{3£ , the space of all 
adjointable mappings from to . We write C(3£) for the unital C*-algebra C($>~, 3£); 
cf. [9, p. 8]. For every x G the absolute value of x is defined as the unique positive 
square root of (x,x), that is, |x| = (x,x)i. 



OPERATOR EXTENSIONS OF HUA'S INEQUALITY 



A Hilbert ^-module can be embedded into a certain C*-algebra A(JT). To see this, 
let us denote by & = 3£ © stf ', the direct sum of Hilbert ^-modules 2£ and srf equipped 
with the «g/-inner product 

((xi, oi), (x 2 , a 2 )) = (xi,x 2 ) + a\a 2 . 
Identify each x G with =2/ -» l",aH xa. The adjoint of this map is x*(y) = (x, y). Set 



A(Jf) 



T x 
2/* a 



: a G G «T,T G 



A(«^T) is a C*-subalgebra of called the linking algebra of S£ . Then 



"o 




" 


,£(JT)~ 


" L{%) " 














Furthermore, (x, y) of becomes the product x*y in A(J£") and the module multiplication 
x ,e/ — ► becomes a part of the internal multiplication of A( JT). 

We refer the reader to [13] for undefined notions on C*-algebra theory and to [H [91 [18] for 
more information on Hilbert C*-modules. 

A continuous real valued function / on an interval J is called operator convex if for all 
A G [0, 1] and all self-adjoint operators A and B acting on a Hilbert space (Jf?, (•,-))> whose 
spectra are contained in J, 

/((l - X)A + XB) < (1 - A)/(i4) + Xf(B), 

where < denotes the usual positive semi-definiteness. A function / : J — > R is called operator 
concave if — / is operator convex. A known operator Jensen equation says that if A is a self- 
adjoint operator with spectrum contained in an interval J on which / is a convex function, 
then 



f({Ax,x)) < (f(A)x,x) 



(2.1) 



for every unit vector x; cf. [12J. 

By Hansen-Pedersen- Jensen's inequality (see [3 [7]) a function / is operator convex (operator 
convex and /(0) < 0, respectively) if and only if 



(2.2) 



»=i 



8=1 
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for all self-adjoint bounded operators Ai with spectra contained in J and all bounded oper- 
ators Ei with Y^i=i^i^i = I (J2i=i^i^i — ^) respectively), where I denotes the identity 
operator. The reader is referred to [Bl US] for more information on operator inequalities. 

3. A HUA TYPE INEQUALITY IN LEFT HlLBERT C*-MODULES 

We start our work with the following generalized Hua inequality. In our approach, we use 
neither convexity nor the classical Hua inequality. Throughout this section, we assume that 
and *3f are Hilbert modules over a C*-algebra s$ ' . 

Theorem 3.1. Let f : [0, oo) — > (0, oo) be a function such that f(t) > t + M for some 
M > 0. Then 

\y (/(c) - c)- 1 ' 2 - x (/(c) - c) 1 / 2 ! 2 + c \x\ 2 > cf{c)-\f(c) - C y l \y\ 2 (3.1) 

for all positive central elements c G srf and all elements 1,1/6 SC . The equality holds if and 
only ify= a; /(c). 

Proof. By the functional calculus, /(c) and /(c) — c are invertible positive elements of srf . 
Since (/(c) — c) 1 / 2 is a central element, 

| y (/( C )- C )-V2_ a;(/(c) _ c) l/2|2 

= (/(c) - c)- 1 / 2 (y, y) (/(c) - c)- 1 ' 2 - (/(c) - c)' 1 ' 2 (y, x) (/(c) - c) 1 ' 2 
-(/(c) - c) 1 ' 2 (x, y) (/(c) - c)- 1 ' 2 + (/(c) - cf' 2 (x, x) (/(c) - c) 1 / 2 

= (/( c ) - c Y l (y, y) - (v, x ) - ( x > y) + (f( c ) - c ) (z, x). 

Due to (/(c) — c) -1 — /(c) -1 = c/(c) _1 (/(c) — c) -1 , we therefore get 

\y (/(c) - c)- 1 ' 2 - x (/(c) - c) 1 / 2 ! 2 + c \x\ 2 - cf{c)-\f{c) - c)-*\y\* 

= /(c) -1 (y, y> - (y, x) - (x, y) + /(c) (x, x) 
= \yf(c)- 1/2 -xf( c y/ 2 \ 2 > o. 

Here the equality holds if and only if y /(c) -1 / 2 = x /(c) 1 / 2 , that is, y = x f(c). □ 
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Example 3.2. For Hilbert spaces ffl and ', let M{Jff, Jf) denote the space of all bounded 
linear operators from to Jfc ' . Then M(Ji?, Jf) becomes a B( J^)-module by defining 
(A,B) := A*B. Suppose that / : [0, oo) — > (0, oo) is a function such that f(t) > t + M 
for some M > 0. Replacing x,y in (13. ip by A, £>, respectively, and using this fact that the 
center of M(J4?) is CJ we get 

((/(c) - c)- 1 / 2 B - (/(c) - c) 1 / 2 A) * ((/(c) - c)- 1 / 2 B - (/(c) - c) 1 / 2 A) + c AM 

for all positive numbers c G [0, oo) and all A,B G M(J^f, Jfr). The equality holds if and only 
if 5 = /(c) A 

The following theorem is a norm extension of Hua's inequality. 

Theorem 3.3. Let f : [0, oo) — > (0, oo) &e a function such that f(t) > t + M for some 
M > 0. T/ien 

\\y (/(c) - c)- 1 / 2 - T(x) (/(c) - c) 1 / 2 !! 2 + ||c|| ||T|| 2 ||x|| 2 > \\cf{c)-\f{c) - c)- l \y\ 2 II 

/or a// positive central elements c G all elements 16 and a// non-zero bounded 

linear operators T : IV . 

Proof. Replacing x by T(x) in (13.11) we get 

\y (/(c) - c)- 1 / 2 - T(x) (/(c) - c) 1 / 2 ! 2 + c |Tx| 2 > c/^^c) - c)- 1 ^ . 
utilizing the facts that ||Ta;||/||T|| < ||x|| and || \z\ || 2 = ||,z|| 2 (z G sf) we obtain 
\\y (/(c) - c)- 1 / 2 - T(x) (/(c) - c)V2||2 + || C || ||T|| 2 ||x|| 2 > \\cf(cy\f(c) - c)- l \y\ 2 II • 

□ 

Considering the elementary operator T = u ® v defined for given u, v G SC by T(x) = 
u(v,x) (x G JT) and noting to the fact that ||T|| = ||f || we get 

Corollary 3.4. Let f : [0, oo) — > (0, oo) be a function such that f(t) > t + M for some 
M > 0. Then 

\\y (/(c) - cY 1 ' 2 - u(v,x) (/(c) - c) 1 / 2 !! 2 + ||c|| |M| 2 |M| 2 ||*|| 2 > \\cf(c)-\f(c) - c)~ l \y\ 2 || 
for all positive central elements c G srf ' , all elements x, y,u, v G 3C . 
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If 3£ and *3f are assumed to be inner product spaces M' and respectively, srf = C, 
A G B(J^, J£T), /(t) = t + 1 and c = pip, then we deduce the main result of [T7] from 
Theorem 13.31 as follows. 

Corollary 3.5. Suppose that and Jif are inner product spaces, A : Jf — > J€ is a bounded 
linear operator and a > 0. Then 



\y - Ax\\ 2 + a\\x\\ 2 > 



a 



lAP + a' 



for all elements x G 3%? and y G '. 

Remark 3.6. If 34? is an inner product space, tOj G C (1 < % < n) and we consider the n-fold 
inner product space Jt? n and A(x±,-- - ,x n ) = Y^i=i w i x i m Corollary 13.51 (see [H]), then 

ii^ii 2 = sr=i i^i 2 anc ^ s ° we § e t 



WiX<i ^ 



i 1 1 •' 1 1| ) — v • " ,,, 2 



i=l 



which is a generalization of the main theorem of [2] (see also [T]). The case where 34? = C 
and Wi = 1 (1 < z < n) gives rise to the classical Hua's inequality. 



4. Hua's inequality for operator convex functions in Hilbert C*-modules 

We first generalize operator Jensen inequality (12.11) in the framework of Hilbert C*- 
modules. In this section we assume that E£ is a Hilbert C*-module over a unital C*-algebra 
s$ with unit e. 

Theorem 4.1. Let f be an operator convex function on an interval J containing 0, /(0) < 
and let T G £( JT) be self-adjoint with spectrum contained in J. Then 

f((x,Tx)) < (x,f(T)x) (4.1) 

for every x in the closed unit ball of 3C . 
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Proof. To prove we utilize the linking algebra A( JT) as a 2 x 2 matrix trick and the functional 
calculus for self-adjoint elements of the C*-algebra (see [13]). 



/(0) 
f((x,Tx)) 



f 
f 



< 





(x,Tx) 

x 





x 






"'( 






x 




T 




x 












) 


T 






x 













(by flOD for n = 1 and ^ = 

and by noting to ||x|| < 1 <^ |x| < e 



x 




/(T) 
o /(O) 



x 






(x,f(T)x) 



whence we get (14. II) . 



□ 



Now we are ready to establish the second Hua's inequality in the setting of Hilbert C*- 
modules. 

Theorem 4.2. Let f be an operator convex function on an interval J containing 0, f(0) < 
and S, Ri, Tj e such that S andTi are self-adjoint and the spectrum of S— Y^i=i RtTiRi 

and Ti (1 < i < n) are contained in J. Then for x in the closed unit ball of 3C ' , 



x. 



f[s-J2 RlTiR* + E R *f(Ti)Ri 



i=l 



i=l 



x) >k n l f (K (x, Sx}) 



where k n — (1 + Y17=i ll^ 3 - 



i2\-i 



cS 
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Proof. 



X. 



X 



1=1 / 1=1 

n \ \ I n 

xj[S-J2 RtTiRij x) + (x, £ Rtf{Ti)RiX 

n \ \ n 



X 



* / (f - E *)) + ± wm'f ((^ r 4 (^l) )) (by cnD) 

*) J + E ii^h 2 / ((* RtTiRiX 



> k~ x f lk n /x,ls -J2RtTiRi )x) + k n J2\\R< 



, , , , ' I M 2 
i=i / / i=i * " " 



RmRiX 



II 2 / "i 1 '^ 



(by the classical weighted Jensen inequality) 

\\JrtiX\\- 

i=l i=l 



\2 i ' 



— kn f {k n (x, Sx)) , 

where fc n = (1 + ]C"=i ll^l| 2 )~ • □ 

As a special case in which SC is C as a C- module, f(t)=t 2 ,x = l, and 5, Tj (1 < i < n) 
and i?j (1 < i < n) are given real numbers 5, axi (1 < i < n) and a -1 / 2 , respectively, we 
get the classical Hua's inequality 

5. An operator Hua's inequality 

In this section we present an operator Hua's inequality and show that it is equivalent to 
operator convexity. 

Theorem 5.1. Let J4? be a Hilbert space, let f be an operator convex function on an interval 
J and let (1 < i < n) be arbitrary operators and B,A^ (1 < % < n) be self-adjoint operators 
operators such that the spectra of B — Y^i=i C*AiCi and Ai are contained in J. Then 

(n \ n 

B-J^ CtACi + £ CtfiA^Q > D- 1 f\DBD)D- 1 , (5.1) 
1=1 / i=l 
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where D = (I + ZtiC* C,y 1/2 . 
Proof. It follows from 

n / n \ 

DD + J2 DC*dD = D\I + Y1 C i Ci ) D = I 

i=l \ i=l J 

and operator convexity of / that 

tn \ n n 

B-^CtAcAD + ^DCtfiAJCiD > f^DBD-^DC^QD 
i=l / i=l i=l 

n 

+Y, DC * A i c i D ) 

i=i 

= f(DBD). 

Due to the fact that T > S implies R*TR > R*SR, we deduce (J5HJ). □ 

Remark 5.2. If we use a concave operator function, then the inequality in (15. ip will be 
reversed. 

Applying Theorem 15.11 to the convex functions / x (t) = t' 1 and / 2 (t) = t p (1 < p < 
2 or — 1 < p < 0), and concave functions fs(t) = t p (0 < p < 1) and /^(t) = logt on (0, oo) 
we get inequalities (i)-(iv) of the following Corollary, respectively. The inequalities of (i) and 
(iv) are operator extensions of main result of 



Corollary 5.3. Let Jrf? be a Hilbert space and let Ci (1 < i < n) be arbitrary operators and 
B and A4 (1 <i < n) be self-adjoint operators acting on Jt? such that B — Ym=i C*AiCi > 
and Ai > 0. Then 

-l 

i th \ 



(n 



(in 



(iv) 



B-J2 QAQ + C i A i l °i > D-\DBD)- l D- 1 ■ 

i=l / i=l 

f n \P n 

B-J2C*ACA +J2C*A p i C t >D-\DBDYD- 1 (p e [-1,0] U [1,2]) ; 

i=l J i=l 

' n \P n 

fi-^W +^C;^C J < J D- 1 ( J DfiD)^- 1 (pe [0,1]); 

v i=l / i=l 

/ n \ n 

log 5 - ^ C?^Ci + ^ C* bg(A)C< < -D 1 log(£>i?£))D _1 , 



i=l / i=l 

w/iere £> = (! + E^i C?Ci)~ 1/2 - 
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If ffl is of dimension one, 5, X\, ■ ■ ■ , x n £ R, a > and we take Cj = a 1 I 2 (1 < i < n), 

1 /2 

B = 5 and A, = axi (1 < z < n) in Theorem 15.11 then .D = (^r^) we obtain the main 
theorem of !l4] as follows. 



Corollary 5.4. [TH Theorem 1] Let f : J — > R be a convex function and let a, 5, x±, ■ ■ ■ ,x n 

be real numbers such a > and 5 — Y17=i Xi > aXl ' ' ' > ax ™ ^ ^ • Then 

Now, we shall show that our operator Hua's inequality (15. ip implies the Hansen-Pedersen- 
Jensen operator inequality in the case where the value of the real function / at is non- 
positive. 

Theorem 5.5. Let J be an interval containing and let f be a continuous real valued 
function defined on J with f(0) < 0. Let operator Hua's inequality f l5.ll) hold, where C{ (1 < 
i < n) are arbitrary operators and B,Ai (1 < i < n) are self-adjoint operators such that the 
spectra of B — Y^7=i C^AiCi and Ai are contained in J. Then f is operator convex. 

Proof. Let X* (1 < % < n) be self-adjoint operators on a Hilbert space M' with spectra 
contained in J and E { be arbitrary operators such that Ym=i E*Ei < /, where < denotes 
the strict positivity. Recall that by a strict positive operator we mean an invertible positive 
one. 

Replacing B by £? =1 C*Aid in (JETj we get 

n n / n \ 

c*f(A)Ci > /(o) + ]T c?/ WCi > -D -1 / £> X) 1 > 

i=l i=l \ i=l / 

that is 



-i / \ -i 



^(C^)7(A)C^ > / ^(a^)*A(C^) ) . (5.3) 

i=l \i=l 

Set Q = E l {I- J2ti ElEA' 112 . Then 

n n / 

J2C*C 1 + I = Y,E*E i 1 1 -J2E*EA +1= ll-J2E*E t 

i=l i=l \ i=l J \ i=l 

whence 
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so dD = Ei. It follows from (ED that 



i=l \i=l 

By using the same method of the proof of (iv) =>• (i) in 
1 







replaced by the diagonal matrix P 



T6j Theorem 1.10] with the matrix 
' 1 -e 







with < e < 1 and 



then applying the continuity of / as e — > 0, we deduce that the latter inequality holds for 
all arbitrary operators Ei with Y17=i ^*Ei < I and the function / is therefore operator 
convex. □ 

Thus we conclude that operator Hua's inequality (15. ip is equivalent to the Hansen- 
Pedersen- Jensen operator inequality. One can similarly deduce that a continuous real func- 
tion satisfying (15. 2p is convex. 
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